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1. Purpose and aims

An extreme trans-Neptunian object (ETNO), is any minor planet in the Solar system with

a perihelion (closest approach to the Sun) larger than 30 astronomical units (AU) and the

semi-major axis larger than 150 AU. There are currently about 17 known ETNOs, 8 of them

have a perihelion larger than 40 AU, which makes them only weakly affected by Neptune.

There are at least two major irregularities related to the orbits of ETNOs, specifically:

1) large inclinations of the orbital planes of ETNOs to the ecliptic;

2) arguments of the perihelion are clustered in the range of 280 to 40 degrees.

The two above irregularities can be visualized as clustering of semi-major axes of the ET-

NOs in a certain cone, asymmetric with respect to the ecliptic. This clustering is surprising,

as the orbits of distant planetoids are expected to be randomized over billions of year by the

gravity of the four giant planets.

Figure 1. The orbits of the ETNOs, only weakly affected by Neptune, are in

red and green. The arguments of their perihelion are clearly clustered. (taken

from Scott Sheppard’s web-page).
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S. Sheppard and C. Trujillo [4], and later C. de la Fuente Marcos, R. de la Fuente Marcos

and S. J. Aarseth [5] suggested that the irregularities are caused by a large Neptune size

body which turns around the Sun at a distance 200 to 1500 AU via the so called Lidov-Kozai

mechanism. The Lidov-Kozai mechanism is a perturbation of an orbit of a minor body by a

large distant body that causes oscillations about a constant value of the orbit’s argument of

pericenter.

The Lidov-Kozai scenario has been modeled by K. Batygin and M. E. Brown for six ETNOs:

their model explained most of the irregularities as the effect of large planet whose orbit has

a semi-major axis between 200 and 2000 AU.

Currently, S. Sheppard, C. Trujillo, K. Batygin and M. E. Brown are using the Subaru

Telescope of the National Astronomical Observatory of Japan to search for the proposed

planet. Their research has been widely publicized in media as a pre-discovery of Planet Nine.

Very few alternative mechanisms have been studied. To date the following mechanisms

have been proposed or mentioned in the literature:

• the inclination instability: alignment of the perihelia due to an exponential increase

of the inclinations of orbits to the ecliptic;

• temporary or coincidental clustering.

Unlike the rapidly progressing modeling of the effects of a hypothetical Planet Nine, the

study of these alternative mechanisms is essentially confined to two publications.

We propose a critical mathematical study, both numerical and analytic, of the mentioned

alternative mechanisms which could be responsible for the observed orbits of the ETNOs.

2. Survey of the field and Preliminary results

2.1. Nice model. The current state of the art theory describing the evolution of the Solar

system is the so called Nice model (named after Nice, France) [1, 2, 3]. The theory postu-

lates that originally the 4 giant planets were compactly orbiting the Sun at a distance 5 to

17 AU, surrounded by a disk of planetesimals. Over time the 3 outward giant planets would

encounter the planetesimals and exchange the angular momentum with them scattering the

planetesimals inward, while slowly moving outwards themselves. A planetesimals that grav-

itationally interacts with Jupiter would be violently scattered outwards on a very eccentric

orbit, Jupiter moving slowly towards the Sun at the same time. This processes separates

the periods of Jupiter and Saturn more and more until they reach a 1 : 2 mean-motion res-

onance. The resonance changes the eccentricities of these two giants, Jupiter pushes Saturn
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out, and, in turn, Uranus and Neptune. Uranus and Neptune consequently scatter the outer

planetesimals, these encounters eventually remove a huge portion of the mass of the original

planetesimals disk from the system. Eventually, the interactions of the two outer giants with

the remaining planetesimals reduce their eccentricities and make their orbits almost circular

again.

The theory has been successful in describing the Late Heavy Bombardment of the inner

planets, the formation of Jupiter Trojans and formation of the Kuiper belt.

One of the problems with the Nice model is that it explains poorly the effect of such

migrations on inner planets, e.g. the orbit of Mars would acquire a large eccentricity, or

it could be completely ejected from the system. Several revisions to the model have been

proposed, such as the 5-giant planet model in which the migration of the giant planets

happens more rapidly due to an interaction between Jupiter and a hypothetical 5-th giant

which is subsequently completely ejected from the system.

One of the significant features of the Solar system not accounted for by these versions of

the Nice model, is the clustering of the axes of ETNOs. Three groups of researchers Ch. A.

Trujillo, S. S. Sheppard [4]; C. de la Fuente Marcos, R. de la Fuente Marcos, S. J. Aarseth

[5]; and K. Batygin and M. E. Brown [6] have proposed a model that accounted for the

approximate alignment of the semi-major axes of the ETNOs due the gravity of a distance

planet of mass ≈ 10M⊕. Specifically, the last group has simulated the effect of such body

on the following six objects: Sedna, 2012 VP113, 2007 TG422, 2004 VN112, 2013 RF98,

2010 GB174 and found out that the simulations predict the observed orbital characteristics

quite well. They also claim that there was only only a 0.007% probability that the observed

alignment would happen by chance.

2.2. Inclination instability. The primary candidate for an alternative ordering mechanism

is the so called inclination instability. This mechanism was described by A.-M. Madigan and

M. McCourt in [7].

Consider a thin, asymmetric disk of planetoids on eccentric orbits around a massive central

star. Let a and b be the semi-major and semi-minor axes, respectively, and let j = a × b.

Set

tan(ia) =
bz√

1− bz
, tan(ib) =

az√
1− az

.

These two angles parametrize the direction of normal vector j.

A.-M. Madigan and M. McCourt have simulated the evolution of orbits of identical ec-

centricity e = 0.9 in such a disk consisting of 100 planetoids whose total mass is 10−4-th of
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Figure 2. (top) The blue and the red lines are mean angles ia and ib as

functions of time (in units of 104P , where P is the mean period in the N -body

problem). The shaded regions enclose the angles of 50% of the planetoids.

(bottom) The green curve if the mean value of ω as a function of time. The

shaded region encloses orbits of 50% of the planetoids. (figure taken from [7])

the mass of the central star. They have observed that the mean inclination angles ia and

ib increase exponentially in the medium time-scale 2 × 104P to 4 × 104P , where P is the

typical period of the planetesimals, stabilizing and decreasing for at a long time scale. The

onset of the exponential increase of the inclination, the inclination instability, numerically

coincides with the rapid clustering of the arguments ω = arccosn · e - the angle between the

ascending node vector n and the eccentricity vector e. The ω’s quickly concentrate around

45± 15◦, and stay around that value during the remainder of the instability. For longer time

scales, the mean angle ω changes, however the clustering persists: in the picture above the

shaded region around the green curve indicates ω’s for the orbits of half of the planetoids.

This region is marked in green if 50% of planetesimals have their ω’s within ±55◦ around

the mean angle; it is gray otherwise. We see that for a long time planetoids indeed cluster

around the mean value of ω.

The paper [7] provides a nice numerical evidence of ordering in a disk of planetoids, but at

the same time does not provide any theoretical explanation of how the inclination instability

drives ω to a near constant value.
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2.3. Accidental clustering. Lawler et al [8] have performed three large simulations, the

first of which did not include the 9-th planet, but was simply based on a dynamical model of 8

known planets with 105 massless planetoids distributed between 4 and 40 AU. The other two

simulations used the same number of planetoids with an additional Superearth (≈ 10M⊕)

with similar parameters to what was suggested by Batygin and Brown (M = 10M⊕, semi-

major axis a = 500 AU, eccentricity e = 0.5 , inclination angle i = 5◦), and with the

parameters suggested by C. Trujillo and S. Sheppard [4] (M = 10M⊕, a = 250 AU, e = 0.0,

i = 5◦). The test planets and planetoids were evolved forward in time for 4 Gyr (billion

years), under the influence of stellar flybys and galactic tides. Eventually, the authors of [8]

come to a surprising conclusion:

We find that the qualitatively very distinct Solar system models that include a ninth planet

are essentially observationally indistinguishable from an outer Solar System produced solely

by the four giant planets. We also find that the mass of the Kuiper Belts current scattering

and detached populations is required to be 3–10 times larger in the presence of an additional

planet.

The authors also predict via their simulations that a large Superearth either on a circular

or eccentric distant orbit should produce a large population of planetoids with large perihelia

(50 to 300 AU) and large orbital inclinations. However, since detectability of these objects

drops sharply with distance d (as d−4), the probability of detection drops dramatically. All

current surveys are biased towards detection of the objects with smaller perihelia. According

to the authors, to observe the “signature” of Planet Nine a much more detailed survey of

ETNOs is needed, which would confirm a large inclined population.

The outcome of these simulations is a perfect illustration of the flexibility of the evolution

of an N -body system at a long time scale: it is almost certain that the currently observed

configuration of planetoids can be produced via several different mechanisms. The simulation

of [8] are also in a contradiction with the model of Batygin and Brown who claimed that

such orbital clustering can happen accidentally only with a tiny probability.

3. Project description

We however believe that the last statement should not be taken as an indication of useless-

ness of reasonable modeling. It is important to identify probable theories and remain open to

them until they are clarified via observations.
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As the detection methods improve and the instruments become more and more powerful,

our understanding of the distant Kuiper belt, scattered disc and detached populations will

improve: the observations in the coming years and decades will land support to certain

theories and discard others.

We intend to revisit A.-M. Madigan and M. McCourt’s inclination instability and address

the following questions

1) What is the physical/mathematical mechanism behind the inclination instability?

This is the most interesting question which would require a study of dynamics and

stability of a 1 + 4 + N -body system that includes a massive central star, 4 giant

planets and a large number of massless planetoids. The body of work on the dynamics

of the Solar system with a configuration of this type is massive: we are planning to

concentrate only on one aspect of the problem, namely, what is the possible instability

mechanism clustering semi-major axis of distant planetoids into well-defined cones.

A careful mathematical analysis of this has not been performed to date.

2) The influence of the 4 giant planets does not seem to be taken into account by Madigan

and McCourt. Clearly, this influence is minor compared to the Sun’s, but minor

perturbations do affect long term behaviour in a drastic way in a system with a

sensitive dependence to initial conditions or parameters. What is the influence of the

4 giant planets on the inclination instability? Would they amplify, suppress, or be

irrelevant to it?

3) The simulation of Madigan and McCourt implies an initial total disk mass of M⊕-

10M⊕ distributed between 50 AU and 104 AU, at least an order of magnitude larger

than the estimated current mass in the Kuiper Belt at smaller radii ( 30-50 AU)

(Gladman et al. 2001). Existence of a large planetoid population in the scattered

disc or beyond is an open possibility, however, it is necessary to consider the question

whether this instability can arise in a smaller population. Again, can the influence of

the giant planets lower the total mass of the disk in which the instability can arise?

4. Significance

We believe that it is very tempting to be carried away by a prospect of new planet, and think

that exactly this is happening right now with very little research going into more mundane

explanations of the observed irregularities of the ETNOs. A successful and probable model of
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the inclination instability will provide a realistic alternative hypothesis in such a fundamental

issue as the number of major planets in our Solar system.

5. Need for infrastructure

The project is expected to be computationally intensive. The Department of Mathematics

at Uppsala University, however, has a computational cluster which should be sufficient for

our purposes.
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